
Abstract By viewing permeation as a three-step process
(movements between the bulk intracellular medium and
the channel, within the channel, and between the channel
and the extracellular bulk medium), and describing each
step in the process with a statistical rate theory (SRT) ap-
proach, we can envisage different permeation scenarios
which consider whether movements across certain inter-
faces can be approximated to be at equilibrium. A new
interpretation of the flux ratio exponent is presented and
its value can be used to predict whether the rate-limiting
region occurs within the channel or at the interface. By
considering saturation profiles, estimates for SRT ex-
change rates can be obtained, and a comparison with the
more well-known Eyring rate theory is provided.
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Introduction

A fundamental characteristic of ion channels that remains
poorly understood is their ability to exhibit both a high con-
ductance and a high degree of selectivity. Simply speak-
ing, a high conductance implies that channels consist of
large pores without restrictive regions, while a high degree
of selectivity can be generated by restrictive regions in the
channel pore. Any explanation of selectivity must include
a description of how and why certain species of ions per-
meate more easily than others, and as such, an understand-
ing of the permeation process itself is necessary.

There are two approaches that are traditionally used in
the study of permeation mediated by ion channels. The first

approach uses continuum theory or electrodiffusion with
the Nernst-Planck equations to describe the concentration
of ions within a pore, and the second approach uses bar-
rier kinetics or Eyring rate theory (ERT) to describe the
movement of ions within a pore (Dani and Levitt 1990;
Hille 1992). Since it is difficult to incorporate ion-ion and
ion-channel interactions within an electrodiffusion ap-
proach, several workers have chosen to use ERT to describe
their biological data. However, the basic assumptions of
this theory have been questioned when applied to ion chan-
nels (e.g., see Cooper et al. 1985).

In physical kinetics, a nonequilibrium thermodynamic
approach, statistical rate theory (SRT), has been developed
to describe molecular transport across the interface be-
tween macroscopic phases (Ward 1977, 1982; Elliott and
Ward 1987a). SRT may be used to derive the expression
for the rate of particle transport, where the transport pro-
cess can be a chemical reaction, transport within a phase,
or transport across an interphase. This approach is based
on the concept of quantum mechanical transition probabil-
ities and allows the rate to be expressed in terms of the
equilibrium exchange rate of the process and the change
in the electrochemical potential experienced by the parti-
cle undergoing the specific process under consideration.
SRT has been examined critically in several experimental
systems which include the rates of gas absorption at a liq-
uid-gas interface (Tikuisis and Ward 1992), the rates of ad-
sorption at a gas-solid interface (Ward and Elmoselhi 1986;
Elliott and Ward 1997a, b, c), electron exchange between
ionic isotopes in solution (Ward 1983; Elliott and Ward
1997a), and the rates of crystal growth or dissolution (Dej-
mek and Ward 1998). It is particularly interesting to note
that where SRT has been successful in predicting the ki-
netic behaviour, absolute or conventional rate theory (on
which ERT is based) has not (Ward 1983; Elliott and Ward
1997a). This is not surprising, given that the application
of absolute rate theory to adsorption and desorption pro-
cesses has been found to be inadequate (Clark 1970).

Using SRT, Skinner et al. (1993) considered permea-
tion through the channel system as a three-step process:
movement from the bulk medium into the channel, through
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the channel, and from the channel to the other bulk me-
dium. The channel system consists of the adjacent bulk me-
dia in addition to the protein channel itself. Each step
through the channel system was described using the SRT
formulation. Skinner et al. (1993) were able to obtain non-
linear current-voltage curves in symmetric solutions, non-
unity flux ratio exponents, and they underlined the impor-
tance of allowing the intracellular and extracellular parti-
tion coefficients to be different.

In this paper, we develop SRT flux equations based on
a consideration of whether movements at the intracellular
interface, at the extracellular interface, or within the chan-
nel can be approximated to be at equilibrium. Measure-
ments of flux ratio exponents can then be interpreted in
light of where the rate-limiting region in the channel
system is located. By considering saturation profiles, an
estimate of the SRT exchange rates can be obtained. Fi-
nally, we do a comparison with the traditional ERT ap-
proach to illustrate the differences between the two ap-
proaches.

Theory

Use of SRT

The details of ion channel permeation processes are not
known at present. It is unknown how many binding sites
are present, how long ions reside there, how much inter-
action between ions, ions and water, and ions and the chan-
nel wall goes on in the pore, and so on. Simply based on
this, SRT or any other theory cannot be directly examined
in ion channel permeation processes.

SRT has been critically examined in several well-de-
fined physical systems (see review by Elliott and Ward
1997a), and it is well established. In particular, these
systems include:

1. Carbon monoxide adsorbing onto nickel (Ward and El-
moselhi 1986; Elliott and Ward 1997a, b, c); in this case,
only the material properties at equilibrium were used in
the SRT equations to predict the experimental outcome,
i.e., no fitting parameters were required.

2. Gas absorption at a liquid-gas interface (Ward et al.
1982; Tikuisis and Ward 1992).

3. Electron exchange between ionic isotopes in solution
(Ward 1983; Elliott and Ward 1997c); in this case, a
long-standing paradox of the need for a “zero-time ex-
change” was solved.

4. Crystal growth or dissolution at a solid-liquid interface
(Dejmek and Ward 1998).

In each of these systems, where it was possible to test SRT
directly, it was found to accurately predict the outcome of
experiments. This presents a very strong case for applying
SRT to molecular transport in various systems. Therefore,
it is certainly reasonable to apply SRT to ion channel
systems which certainly involve molecular transport and
likely involve processes similar to adsorption and ion ex-

change mechanisms. Furthermore, SRT does not exclude
diffusive motion. It is part of the transport problem, and
we showed in our earlier work (Skinner et al. 1993) that
the Nernst-Planck (NP) equation could be derived from
SRT.

Review of SRT applied to ion permeation

We briefly review our earlier work in which SRT was used
to model permeation in ion channels (Skinner et al. 1993).

Among other processes, SRT may be used to derive ex-
pressions for the rate of transport of ions across an inter-
face between fluid phases or within a phase. As illustrated
in Fig. 1, we consider the channel and bulk media to be
aqueous phases with different properties. There are three
phases, one for the channel medium, one for the intracel-
lular medium, and one for the extracellular medium. In 
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Fig. 1 Schematic of the channel system. The channel system con-
sists of the adjacent bulk media and the pore generated by the open
conformation of the ion channel protein. Ke , Ki , Kch are the equilib-
rium exchange rates between the bulk extracellular medium and the
channel on the extracellular side, between the bulk intracellular me-
dium and the channel on the intracellular side, and within the chan-
nel, respectively. The dashed curves represent the interfaces between
the bulk media and the channel interior, and the dotted line signifies
an arbitrary interface between the two ends of the channel. [X]e ,
[X]Ce , [X]Ci , [X]i are the concentrations of species X in the extra-
cellular medium, in the channel on the extracellular side, in the chan-
nel on the intracellular side, and in the intracellular medium,  respec-
tively. φ e, φ Ce, φ Ci, φ i are the electrical potentials in the extracellu-
lar medium, in the channel on the extracellular side, in the channel
on the intracellular side, and in the intracellular medium, respective-
ly



Fig. 1 the dashed curves represent the interfaces between
the bulk phases and the channel phase, and the dotted line
represents an arbitrary interface between the two ends of
the channel.

Following the SRT procedure, one obtains as the ex-
pression for the net rate of transport of species X across
the interface between phase 1 and phase 2 as (Ward 1982,
1983):

j1, 2 =K1, 2 (δ1, 2 –δ –1
1, 2 ) (1)

where K1, 2 is the equilibrium exchange rate across a unit
area of the interface (i.e., mol/s per unit area) and depends
on material properties of the system, and

(2)

where µ1
X , µ2

X is the electrochemical potential of species
X in phase 1 or 2 respectively, R is the gas constant, and 
T is the temperature. The SRT rate expression can be 
understood from a more physical point of view, as previ-
ously described in Skinner et al. (1993) and shown in Ap-
pendix A. To give some insight into the equilibrium ex-
change rate parameter, we provide a comparison with con-
ventional or absolute rate theory in Appendix A. It is im-
portant to note that since K1, 2 is an equilibrium parameter,
the nonequilibrium aspect of this SRT approach is encom-
passed in the (δ1, 2 –δ –1

1, 2 ) part of Eq. (1).
Applying SRT and using a standard form for the elec-

trochemical potential, we obtain three fluxes: ji, Ci , from
the intracellular medium to the channel; jCi, Ce , across the
channel; and jCe, e , from the channel to the extracellular
medium:

(3)

(4)

(5)

where

u (Ci) = [X]Ci exp (θX φCi ) (6)

u (Ce) = [X]Ce exp (θX φCe ) (7)

u (i) = [X]i exp (θX φ i ) (8)

u (e) = [X]e exp (θX φe ) (9)

and the intracellular and extracellular partition coeffi-
cients, β i

X , β e
X , are defined as (Skinner et al. 1993):
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[X] is the concentration of ionic species X; the super-
scripts and subscripts i, e, Ci, Ce refer to the intracellu-
lar side, the extracellular side, the intracellular side in 
the channel, and the extracellular side in the channel, re-
spectively; the subscript equil refers to the equilibrium
value of the parameter; θX = zX F/R T, where zX is the 
valency of ionic species X, and F is Faraday’s constant;
φ is the electrical potential; Ki , Kch , Ke are the equi-
librium exchange rates for the three fluxes as defined
above.

The definition of the partition coefficient is standard ex-
cept that we have included the equilibrium surface poten-
tials here rather than introducing separate parameters. The
ratio of the partition coefficients is equivalent to the ratio
of activity coefficients if the reference electrochemical po-
tentials are the same on both sides of the membrane (see
Skinner et al. 1993). Therefore, the partition coefficient,
β , depends on activity coefficients, solubilities, and sur-
face potentials. Also, since we assume that there is a sin-
gle phase within the channel, the partition coefficient is
unity there, and β does not appear in Eq. (4). Even though
β is unity within the channel, it is still possible to have a
gradient within the channel so that a non-equilibrium de-
scription is required.

If we assume steady-state conditions (which does not
imply a constant field since this is not a continuum the-
ory), then the fluxes given by Eqs. (3)–(5) are equal ( ji, Ci =
jCi, Ce = jCe, e ), and the flux can be determined numerically
(or analytically in certain situations) for given exchange
rates, concentrations, voltages, and partition coefficient
values (see Skinner et al. 1993).

Different permeation scenarios

When nonequilibrium exists throughout the channel
system, the net flux is given by equating Eqs. (3)– (5) and
the flux equations must be solved numerically (see Skin-
ner et al. 1993). If nonequilibrium exists throughout the
channel system and the exchange rates are similar, i.e.,
Ki ≈ Ke ≈ Kch =K, then Eqs. (3)– (5) can be simplified to
give the net flux, j, as:

(12)

where V =φ i –φ e, is the voltage. However, if we consider
that equilibrium exists (to a good approximation) at cer-
tain interfaces of the channel system, then Eqs. (3)–(5) can
be simplified in the following manner. If equilibrium can
be assumed to exist at the extracellular interface, i.e., 
Ke oKi and Ke oKch , then to keep Eq. (5) bounded at large
values of Ke , Eq. (5) can be replaced by:

u (Ce)=β e
X u (e) (13)
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Similarly, if equilibrium can be assumed to exist at the
intracellular interface, i.e., Ki oKe and Ki oKch , then Eq.
(3) can be replaced by:

u (Ci)=β i
X u (i) (14)

and, if equilibrium can be assumed to exist across the chan-
nel interior (see dotted line signifying interface in Fig. 1)
i.e., Kch oKi and Kch oKe , then Eq. (4) can be replaced by:

u (Ci)=u (Ce) (15)

Another way of stating this is that the net flux is controlled
by certain rate-limiting regions of the channel system. We
consider three different scenarios below.

1. Nonequilibrium exists only within the channel interior.
Kch O Ki and Kch O Ke , and equating Eqs. (3)–(5) can be
simplified as described above to give the net flux, j :

(16)
2. Nonequilibrium exists across two interfaces and the ex-

change rates for these processes are similar. There are
three possibilities in this category: (i) Ki oKch and
Ki oKe , and let Kch ≈Ke =K; (ii) Ke oKch and KeoKi , and
let Kch ≈Ki =K; or (iii) Kch oKi and Kch oKe , and let
Ki ≈Ke =K. (Note that since the channel is considered to
be a single phase, if Kch oKi and Kch oKe , then it must
be that Ki =Ke since they represent the same process.)
Using the described simplifications, the net flux, j, for
the three possibilities in this category is:

(17)

where K refers to the appropriate exchange rate for the
particular case.

3. Nonequilibrium exists across two interfaces and the ex-
change rates for these processes are different. There are
only two possibilities here since a single phase in the
channel implies that Ki =Ke: (i) Ki oKch and Ki oKe ; or
(ii) Ke oKch and KeoKi . The net flux, j, for these two
possibilities is:

(18)

where

(19)

and Kint f =Ke for possibility (i) or Kint f =Ki for possibility
(ii) above.
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The conductance, g, is defined by g=dI/dV, where I is
the current and I=zX F j. For the special case of symmet-
ric solutions (i.e., [X]i =[X]e), the conductance at 0 mV is:

(20)
and

(21)

If in addition, the partition coefficient ratio, (β i
X /β e

X), is
unity the conductance is further simplified to:

(22)

(23)

Flux ratios

Classical

With passive diffusion through the channel and the absence
of any flux coupling, i.e., independent ion movements, the
ratio of the unidirectional fluxes (flux ratio) is equal to the
ratio of the electrochemical activities of the ion in the bulk
intracellular and extracellular solutions, i.e.,

(24)

where the flux ratio exponent, n′, equals one and the par-
tition coefficients are assumed to be the same (see Aidley
and Stanfield 1996, p. 131; or Hille 1992, p. 302). For ex-
ample, using the Goldman-Hodgkin-Katz (GHK) current
equation derived from an electrodiffusion approach (i.e.,
Nernst-Planck equations), and where the partition coeffi-
cient is considered to be the same on both sides of the mem-
brane and no ion-ion or ion-channel interactions are in-
cluded, a flux ratio exponent of unity is obtained. How-
ever, it has been known for several decades that the flux
ratio is better described with an exponent different from
one (Hodgkin and Keynes 1955; and see Hille 1992, p. 302),
and models based on a barrier kinetic approach have been
developed in which the flux ratio exponent can be roughly
equated with the maximum number of ions allowed in the
channel (Hille and Schwartz 1978; Kohler and Heckmann
1979; Levitt 1984).
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SRT approach

From the basic SRT flux equation, Eq. (1), the efflux is
given by K1, 2 δ1, 2 and the influx is given by K1, 2 δ –1

1, 2 .
Therefore, the flux ratio is δ 2

1, 2 . Now consider the various
permeation scenarios. Note that when the exchange rates
are similar, the flux ratio does not depend on the exchange
rates. For example, in scenario 2, where the influx and ef-
flux are:

(25)

(26)

the flux  ratio is then given by:

(27)

However, if the exchange rates are different, as in scenario
3, then the flux ratio does depend on the exchange rates.
In this case, the efflux, influx, and flux ratio are given by:

(28)

(29)

(30)

where (factor) is given by Eq. (19) and depends on the par-
ticular exchange rates.

Results

Flux ratio exponents

To compare with the classical Using flux-ratio criterion,
we calculate the flux ratio exponent based on the follow-
ing form:

(31)

where (compared to the classical approach) the partition
coefficients are not assumed to be the same on the both
sides of the membrane. We symbolize the flux ratio expo-
nent in this more general formulation as n′′ (to distinguish
it from n′ used in the classical approach; see previous sec-
tion).

Using the SRT flux equations for the different scenar-
ios (see above), the flux ratio exponent, n′′ is calculated
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(analytically in some circumstances, otherwise numeri-
cally, see previous section). The results are shown in Ta-
ble 1. Based on the different scenarios considered, n′′ can
be related to whether equilibrium can be assumed to exist
in different regions of the channel system and the relative
sizes of the exchange rates. In other words, it gives a meas-
ure of the degree of disequilibrium that exists during chan-
nel permeation. For example, a value of two implies that
nonequilibrium exists only within the channel interior,
whereas a value greater than one (but less than two) im-
plies that either nonequilibrium exists within the channel
and at the extracellular interface or that nonequilibrium ex-
ists within the channel and at the intracellular interface,
but in either case the channel exchange rate is less than the
interfacial exchange rate.

In general, if we only consider situations where non-
equilibrium exists within the channel interior and across
one of the interfaces, then we can say that as the interfa-
cial exchange rate decreases relative to the channel ex-
change rate, there is a decrease in n′′. This is illustrated in
Table 2: if the interfacial exchange rate is greater than the
channel exchange rate, then n′′ >1; if the channel exchange
rate is greater than the interfacial exchange rate, then
n′′ <1; and n′′ =1 if the rates are the same. The smaller ex-
change rate would constitute the rate-limiting region of the
system.

Table 1 shows that the flux ratio exponent can range from
zero to two, and in Appendix B we prove that 0 ≤ n′′ ≤2.
Flux ratio exponent values in excess of two have been ob-
tained for potassium channels (Begenisich and DeWeer
1980; Vestergaard-Bogind et al. 1985; Stampe and Begen-
isich 1996). However, in those cases, the flux ratio expo-
nent was calculated using the classical approach [Eq. (24)].
With our formulation, we know that n′′ cannot exceed two,
and the only difference between the classical flux ratio ex-
ponent and n′′ is that the partition coefficients are allowed
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Table 1 Flux ratio exponents and their interpretation

Flux ratio Physical meaning/interpretation
exponent, n′′

2 Nonequilibrium only within channel
(Kch O Ki and Kch O Ke )

1 Nonequilibrium within channel and at extracellular
interface, with Kch ≈ Ke (Ki o Kch and Ki o Ke )

1 Nonequilibrium within channel and at intracellular
interface, with Kch ≈ Ki (Ke o Kch and Ke o Ki )

1 Nonequilibrium at intracellular and extracellular
interfaces, with Ke ≈ Ki (Kch o Ki and Kch o Ke )

2/3 Nonequilibrium at all interfaces, with Kch ≈ Ki ≈ Ke

< 2/3 Nonequilibrium at all interfaces, with K’s all different

<1 Nonequilibrium within channel and at extracellular
interface, with Kch >Ke (Ki o Kch and Ki o Ke ) or 
Nonequilibrium within channel and at intracellular
interface, with Kch >Ki (Ke o Kch and Ke o Ki )

>1 Nonequilibrium within channel and at extracellular
interface, with Kch <Ke (Ki o Kch and Ki o Ke ) or 
Nonequilibrium within channel and at intracellular
interface, with Kch <Ki (Ke o Kch and Ke o Ki)



to be different. Therefore, if flux ratio exponents greater
than two are measured, then the partition coefficient ratio
must be different from one. In other words, the partition
coefficients cannot be considered to be the same on both
sides of the membrane.

To illustrate how much of an error could be obtained if
a non-unity partition coefficient ratio is ignored, we cal-
culate some examples of n′′ and n′. These values are shown
in Table 3 for the situation where one approximates equi-
librium conditions at the extracellular interface, but not
within the channel or at the intracellular interface, and
KchOKi . In general, the error depends on the voltage, the
ratio of the intracellular and extracellular concentrations,
and the ratio of the partition coefficients. For example, a
partition coefficient ratio of 1.2 yields an n′ value of 2.4
at –38 mV when the extracellular and intracellular potas-
sium concentrations are 20 mM and 200 mM, respectively.
With a partition coefficient ratio of 1.5, n′ is 2.6 at –38 mV
with extracellular and intracellular concentrations of 20 mM

and 350 mM, respectively. This can be compared with Be-
genisich and DeWeer’s (1980) data in which they obtained

flux ratio exponents that ranged from 1.8 to 3.65 (depend-
ing on the particular method) at –38 mV and extracellular
and intracellular concentrations of 20 mM and 350 mM, re-
spectively.

We indicated in our previous work (Skinner et al. 1993)
that unequal partition coefficients could lead to a current
reversal at a voltage that is different from the Nernst po-
tential, where the Nernst potential is classically defined as:

(32)

As is well known, this classical description does not allow
for the existence of different activity or partition coeffi-
cients on either side of the membrane. To put the above
calculations into perspective: a partition coefficient ratio
value, β i/βe, of 1.2 can produce a measured reversal po-
tential that is 5 mV less than the calculated Nernst poten-
tial [Eq. (32)]. The above calculations simply serve to dem-
onstrate the possibility that unequal partition coefficients
can be responsible for flux ratio exponents being greater
than two.

Implications for a GHK approach

In deriving the GHK current equation from the Nernst-
Planck equation, equilibrium is assumed to exist at the
channel interfaces with equal intracellular and extracellu-
lar partition coefficients (e.g., see Hille 1992, p. 345). This
allows the permeability, P, to be defined as P=D β /l, where
D is the diffusion coefficient, l is the membrane thickness,
and β is the extracellular or intracellular partition coeffi-
cient. Thus, from the work described above, if the mea-
sured flux ratio exponent exceeds two, then the partition
coefficients on the intracellular and extracellular sides
must be different and, strictly speaking, using permeabil-
ities and permeability ratios to refer to the data would be
incorrect.

Saturation

The classical theory of membrane permeation was based on
independent ion movements and the most commonly used
formalism is the GHK current equation. However, a com-
mon characteristic of ion fluxes through channels which is
not exhibited by the GHK equation is saturation, in which
the conductance reaches a maximal value and stays there
as the ion concentrations are increased. This discrepancy
caused workers to turn to alternate descriptions, most com-
monly an ERT formalism (Eyring et al. 1949; Woodbury
1971). However, it now seems likely and possible that the
assumptions underlying such models are invalid (e.g., see
Eisenberg 1996; Nonner and Eisenberg 1998).

Let us consider the channel conductance using the SRT-
based equations and the different permeation scenarios de-
scribed above. We restrict the investigation to situations
where nonequilibrium does not exist throughout the chan-
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Table 2 Flux ratio exponent values for different channel and inter-
facial exchange rates

Kch Kint f Kch /Kint f Flux ratio
exponent, n′′

1.0×10–5 ∞ or o Kch 0 2

0.001×10–6 1.0×10–6 0.001 1.997
0.005×10–6 1.0×10–6 0.005 1.983
0.01×10–6 1.0×10–6 0.01 1.967
0.02×10–6 1.0×10–6 0.02 1.936
0.05×10–6 1.0×10–6 0.05 1.854
0.1×10–6 1.0×10–6 0.1 1.741
0.2×10–6 1.0×10–6 0.2 1.571
0.5×10–6 1.0×10–6 0.5 1.267

1.0×10–6 1.0×10–6 1.0 1

2.0×10–6 1.0×10–6 2.0 0.733
3.0×10–6 1.0×10–6 3.0 0.589
5.0×10–6 1.0×10–6 5.0 0.429
8.0×10–6 1.0×10–6 8.0 0.307
9.0×10–6 1.0×10–6 9.0 0.281

10.0×10–6 1.0×10–6 10.0 0.26
20.0×10–6 1.0×10–6 20.0 0.146
50.0×10–6 1.0×10–6 50.0 0.064
70.0×10–6 1.0×10–6 70.0 0.046

100.0×10–6 1.0×10–6 100.0 0.0033

Table 3 Classical flux ratio exponents at different partition coeffi-
cient ratios and concentrations a

[K]e [K]i β i
K+/β e

K+ n′′ n′

20 350 1.2 2.0 2.3
20 350 1.5 2.0 2.6
40 350 1.2 2.0 2.5
40 350 1.5 2.0 3.1
20 200 1.2 2.0 2.4
20 200 1.5 2.0 2.9

a V=–38 mV; Ki/Kch =1500. Concentration and voltage value cho-
sen to be similar to those in Begenisich and DeWeer (1980)



nel system (i.e., n′′ >2/3), which means that equilibrium
can be assumed to exist across one of the interfaces. This
restriction seems reasonable since, based on the experi-
mental literature, flux ratio exponent values much less than
one are not commonly reported (but see Schagina et al.
1983). Therefore, unless measured reversal potentials and
Nernst potentials differ by more than 10–15 mV, nonequi-
librium throughout the channel system (i.e., n′′ ≤2/3) is un-
likely. Thus, we have scenarios 1–3 (see above) where sce-
nario 3 with nonequilibrium existing within the channel
and one of the interfaces, and the exchange rates being dif-
ferent. Roughly speaking, scenarios 1 and 2 can be thought
of as special cases of scenario 3. In scenario 2, the exchange
rates are not very different, and in scenario 1 the exchange
rates are very different with the interfacial exchange rate
being significantly larger than the channel exchange rate
so that equilibrium can be assumed to exist at the interface,
i.e., Kint f oKch .

Saturation is described such that, for a given voltage,
the conductance first increases and then saturates as the
ionic concentrations are symmetrically raised. If we as-
sume that current (or conductance) changes that occur with
changes in concentration are not mostly due to changes in
the partition coefficient ratio, then we know that when the
current (or conductance) changes with symmetric varia-
tions in concentration, it is due to changes in Kint f and Kch .
Therefore, as the concentrations are increased, the current
and conductance increases could be due to changes in Kch ,
Kint f , or both. Therefore, for a given voltage (say, 0 mV),
the conductance for the three different scenarios are given
by:
Á Scenario 1:

(33)

Á Scenario 2:

(34)

Á Scenario 3:

(35)

Figure 2 shows that increases in either Kch or Kint f lead to
increases in the conductance. For now, if we do not con-
sider the possibility that both exchange rates saturate (or
do not change with concentration), then we can say that as
the concentration increases, either (1) only one of the ex-
change rates increases significantly so that the other ex-
change rate can be considered to be unchanging, or (2) both
exchange rates change with increasing concentration.

If case (1) is true, then it is impossible to get saturation
with scenarios 1 or 2 (scenario 2 is not valid since the rates
should be the same, and scenario 1 only has one exchange
rate affecting conductance). The saturating conductance is
given by [lim (Kint f → ∞), Eq. (35)]:

(36)g
z F

RT
K= 2

2
X
2

ch

g
z F

RT

K K

K K
=

+
2

2
X
2

ch int f

ch int f

g
z F

RT
K= X

2 2

g
z F

RT
K= 2

2
X
2

ch

if Kint f is the significantly changing exchange rate with in-
creasing concentration, or by [lim (Kch → ∞), Eq. (35)]:

(37)

if Kch is the significantly changing exchange rate with in-
creasing concentration. In this case, one can use the satu-
rating conductance value to estimate one of the exchange
rates at the given concentration. The other exchange rate
can then be calculated from the full conductance equation
[Eq. (35)] above.

However, if case (2) is true, then one could consider that
one of the exchange rates increases and the other decreases
with increasing concentration, leading to a net conductance
increase and eventual saturation. This would only apply to
scenario 3 since scenario 1 already assumes that Kint foKch ,
and in scenario 2 the two exchange rates are similar (and
they would not be if one were increasing and the other de-
creasing). For saturation there would have to be a precise
balance between the increasing and decreasing exchange
rates.
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Fig. 2A–D Conductance changes as exchange rates are varied. 
A, B A unity partition coefficient ratio is used in Eq. (20) (symmet-
ric solutions and 0 mV). Nonequilibrium exists within the channel
and at one of the interfaces. In A, Kint f is varied and Kch is fixed at
1.0. In B, Kch is varied and Kint f is fixed at 1.0. The particular units
are not critical (arbitrary units) but rather the increasing trend of the
conductance as the exchange rates are increased. C, D Respectively
the same as A, B except now the ratio of the intracellular to the ex-
tracellular partition coefficient ratio is not unity but is 2



The only other way for saturation to occur is if one or
both of the exchange rates themselves saturates. In this
view, any of the three permeation scenarios would be pos-
sible. Since we have restricted this study to not having non-
equilibrium throughout the channel system, other possibil-
ities such as Kch not changing but both interfacial exchange
rate changing equally with concentration changes are not
considered here. (Recall that changes in the partition co-
efficient ratios are not considered to contribute signifi-
cantly to current or conductance changes when the concen-
tration is changed.)

Example calculations

Based on the above, it seems reasonable that the saturat-
ing conductance is given by:

(38)

where K is either Kch or Kint f as described above. If we
know what the flux ratio exponent is at the given concen-
tration, then one could deduce which exchange rate should
be used in the saturating conductance expression. Specif-
ically, if the flux ratio exponent is larger than one, then the
calculations should yield exchange rates such that the chan-
nel exchange rate is less than the interfacial exchange rate.

Example 1: Shaker K+ channel. In Fig. 1 of Heginbotham
and MacKinnon (1993), the saturating conductance (at
1.15 m K+) is approximately 47 pS. Although unknown at
this concentration and voltage, it is reasonable to assume
that the flux ratio exponent would be greater than one 
(see Stampe and Begenisich 1996). Thus, Kch <Kint f . From
Eq. (38) above, we can calculate one of the exchange rates
as (using T=22°C): K=6.2×10–6 pmol/s. This would be
the exchange rate that is not changing much as the concen-
tration increases. Consider that the conductance at a dif-
ferent concentration, say 43 mM, is approximately 11 pS.
The full conductance equation [Eq. (35)] can then be used
to calculate the other exchange rate, which we obtain as:
K=1.9×10–6 pmol/s. Since Kch <Kint f , then Kint f =6.2×
10–6 pmol/s and Kch =1.9×10–6 pmol/s.

Arguing that voltage changes should not affect the ex-
change rates as much as concentration changes [since “full
sized electrical signals can be generated with relatively few
pores per unit area and only minute ionic fluxes” (Hille
1992, p. 20), we can then use Eq. (18) to generate the cur-
rent-voltage (I–V ) curve at 43 mM concentration. The
curve is shown in Fig. 3A, and there is reasonable agree-
ment with the I–V data (Heginbotham and MacKinnon
1993), suggesting that the various assumptions made along
the way are valid.

Example 2: Cl– in CFTR channels. In Fig. 2 of Tabchara-
ni et al. (1997), the saturating conductance is about 10 pS.
Similar to the previous example, one of the exchange rates
(the nonchanging one) can be calculated to be [using
T=22°C and Eq. (38)]: K=1.3×10–6 pmol/s. Given that

g
z F

RT
K= 2

2
X
2

the conductance at 150 mM is 7 pS, the other exchange rate
can be calculated from Eq. (35) as: K=3.1×10–6 pmol/s.
Since we do not have a value for the flux ratio exponent,
we cannot determine which exchange rate is the channel
or interfacial one. However, we can plot the I–V curve from
Eq. (18), as shown in Fig. 3B. The agreement is not as good
this time, suggesting either that the modulation of the ex-
change rates with voltage cannot be ignored, so that at the
larger voltage values, different exchange rates should be
used, and/or we cannot assume that only one of the ex-
change rates changes significantly with increasing concen-
tration.

Comparison with ERT

ERT and SRT are based on fundamentally different theo-
ries, and so, strictly speaking, they cannot be directly com-
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Fig. 3A, B Current-voltage (I–V) curves for two examples. A The
I–V relationship calculated from Eq. (18) using the estimated ex-
changes rates (see text) for the Shaker K+ channel at a symmetric
concentration of 43 mM. B The I–V relationship calculated from Eq.
(18) using the estimated exchange rates (see text) for the CFTR chan-
nel at a symmetric concentration of 150 mM

Shaker K+ channel



pared. SRT is a nonequilibrium thermodynamic approach
(Ward 1982) whereas ERT is based on absolute rate the-
ory in which nonequilibrium situations are not considered
(Glasstone et al. 1941; Eyring et al. 1949). However, the
use of ERT is so commonly used in the ion channel per-
meation literature that it is useful to make some sort of
comparison. One might roughly consider the three SRT
equilibrium exchange rates (which are not necessarily the
same) as corresponding to three “barriers” of different
heights. However, we would like to stress that the mean-
ing of the rates are different. In particular, the SRT rates
do depend on concentrations. This difference is illustrated
in Appendix A for the specific example of a chemical re-
action.

Comparison 1: one barrier. Let us first consider the sim-
plest possible case of one barrier symmetrically located in
the channel (Fig. 4a). For the ERT approach, the current
is given by:

I=zX F λ [kb [X]i –kf [X]e] (39)

where λ is the membrane thickness, [X] is the concentra-
tion on the extracellular (e) or intracellular (i) sides, and
other parameters have their usual meanings (as defined ear-
lier). kf , kb are the forward and backward rates, respec-
tively, and are given by:

(40)

where κ is a “transmission coefficient” which corresponds
to the frequency of attempted jumps, k is Boltzmann’s con-

k k
k T
h

G k T z eV k Tf b X, exp (– / ) exp ( / )= −κ δ∆

stant, h is Planck’s constant, ∆G is the height of the energy
barrier, δ is the fractional distance across the channel where
the energy barrier is located, e is the elementary charge,
and the other parameters have been defined before. κ is
typically taken to be unity and if the barrier is symmetri-
cally located in the channel such that δ =0.5, then the cur-
rent is given by:

I=zX F λ [k′b [X]i exp (zX FV /2 R T )

– [k′f [X]e exp (–zX FV /2 R T ) ] (41)

where k′f, k′b =κ (k T/h) exp (–∆G/kT ). Differentiating this
equation to obtain the conductance, we find that at 0 mV
and symmetric concentrations, the conductance is given
by:

(42)

For the SRT approach, we could think about the above
situation as the situation when equilibrium can be as-
sumed to exist at the channel interfaces but not within
the channel, so that we are only dealing with one ex-
change rate, Kch . In this case, the current [from Eq. (16)]
is given by (assuming that the partition coefficient ratio
is unity):

(43)

and the conductance at 0 mV and symmetric concentra-
tions is:

(44)

Now, similar to the chemical reaction example in Appen-
dix A, but now for a single species ([X]), the near-equilib-
rium approximation of SRT can be done to obtain a rela-
tionship between the SRT exchange rates and the absolute
rate theory rates. They are:

(45)

(46)

or, equivalently, and since KSRT refers to Kch in this case:

(47)

(48)

The ERT- and SRT-based conductance equations for this
situation [Eqs. (42) and (44)] can now be seen to be equiv-
alent by taking into account the units for the various rates
and concentrations and making the substitution based on
the above relationships:
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Fig. 4A, B Schematic of barrier models. A A one-barrier model
with forward and backward rates as indicated. B A two-barrier/one-
binding-site model with forward and backward rates over each bar-
rier as indicated



Therefore, in the near-equilibrium limit for a one-barrier
approximation and one dominant rate-limiting region in
the channel, the SRT and ERT approaches give similar con-
ductance (or I–V slope) values.

Comparison 2: two barriers/one binding site. Now consid-
er a one-binding-site ERT model, which conceptually would
consist of two barriers with the binding site in the middle.
From the analysis of Kohler and Heckmann (1979), the
flux ratio exponent could range from 0 to 1.

For the comparative SRT situation here, we would think
about nonequilibrium across two interfaces. If the ex-
change rates are the same, the flux ratio exponent would
be one. However, the flux ratio exponent can range from
zero to two (Tables 1, 2), and its value allows one to de-
termine whether the channel or interfacial exchange rate
is smaller and so constitute the rate-limiting region.

For a two-barrier (one-binding-site) channel model
(Fig. 4B), the ERT-based expression for the flux, J, is (e.g.,
see Aidley and Stanfield 1996, p. 136):

(50)

where the intracellular and extracellular concentrations
([X]) are assumed to be symmetric. The saturating conduc-
tance (or current) expression from a Michaelis-Menten re-
lation has the given form:

(51)

where gmax is the maximal or saturating single channel con-
ductance, Km is the Michaelis constant (the concentration
at which the conductance is half its maximum value), and
[X] is the concentration of the ion (symmetric concentra-
tions). With some rearrangement and absorbing various
constant coefficients in Eqs. (50) and (51), gmax and Km
can be identified with the following expressions:

(52)

(53)

For the SRT-based equations for the case of nonequi-
librium across two interfaces [scenario 3, Eq. (35)], we
have:

(54)

or

(55)

where gsat , the saturating conductance, is given either by Eq.
(37) or Eq. (36), respectively. Comparing Eqs. (51) and (54),
one can obtain approximations for the SRT exchange rates

Kch≈ (k1 + k–2) [X] (56)

Kint f ≈ (k–1+ k2) (57)
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or Kch and Kint f would be reversed if Eqs. (51) and (55)
were compared. Again, knowing the flux ratio exponent
allows one to determine which case applies.

Discussion

This work has shown that measurements of unidirectional
fluxes to determine flux ratio exponents can be used to es-
tablish where the rate-limiting region during the permea-
tion process is located. It is important to note that this is a
dynamic determination which may not be in accordance
with a given static channel structure. Owing to its rela-
tively simple (but general) description, this approach does
not provide any detailed structural/conformational infor-
mation. Instead, one determines whether movements at the
interface or within the channel constitutes the rate-limit-
ing region. The reasons why particular regions are consid-
ered to be rate-limiting are many (e.g., dehydration/rehy-
dration, surface charges, surface receptor/channel binding
sites, repulsive effects, etc.), and although this approach
does not specify the reasons, identifying the rate-limiting
region itself is potentially useful in focusing studies on spe-
cific parts of the channel system and/or sequence in the
case of mutational studies. In summary, this work provides
a useful starting point for molecular work and for more de-
tailed theoretical work.

Why use SRT?

The SRT approach is straightforward and inclusive. In
modelling permeation, electrodiffusion approaches quickly
yield unwieldly expressions when Poisson’s equation is in-
cluded to determine the electric field (e.g., Chen et al.
1992). ERT approaches, although conceptually quite use-
ful, do not provide unique solutions for a given set of data.
More importantly, they invoke fundamental assumptions
about equilibrium within each “well” or “binding site”
which may not be valid, potentially giving misleading and
false physical pictures of the channel profile (Cooper et al.
1985; Levitt 1986; Dani and Levitt 1990). Specifically, us-
ing the Poisson-Nernst-Planck (PNP) model by Eisenberg
and colleagues, it has been demonstrated that the ERT rate
constants (free energy barriers) cannot be independent of
concentration (Eisenberg 1996).

Other ways of modelling permeation include Brownian
dynamics (Bek and Jakobsson 1994) and hybrid electro-
diffusion/reaction rate theory approaches. In one hybrid
case, discrete rate constants are used but the expressions
for the rate constants are described using diffusion theory
(Cooper et al. 1988). In another hybrid case, a continuum
description is employed but with the rate of entry and exit
from the channel being described using reaction rate the-
ory (Levitt 1982).

Along the lines of describing biological data conven-
iently, Dani and Levitt (1990) suggest using “a formalism
simple enough to write down and implement on a labora-
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tory computer” and whose “underlying principles should
make physical sense”. We feel that SRT and its use to de-
scribe permeation meets these requirements. SRT provides
manageable expressions for the flux and when applied to
permeation the equations include various complexities
(surface charges, solubilities, etc.), albeit in a lumped fash-
ion. The formulation of the model is straigthforward: the
channel system consists of three different fluid phases (ex-
tracellular, channel, and intracellular), and similar to other
workers (e.g., see Levitt 1986), three steps in the permea-
tion process are considered. The approach is generally ap-
plicable making no a priori assumptions about narrow
channels or single filing. With the SRT approach, permea-
tion can be viewed as a “probability distribution” of ions
flowing through the channel where this distribution de-
pends on the properties of the channel system which en-
compasses the protein channel and the surrounding bulk
media. Within this interpretative framework, interactions
would necessarily occur.

It is important to point out that one should not directly
compare these SRT-based permeation equations with, for
example, the GHK current equation, where several assump-
tions are made in the reduction of the NP equation to the
GHK equation (e.g., see Hille 1992, p. 345). However, since
the SRT-based equations can be reduced to the NP equation
with appropriate assumptions (Skinner et al. 1993), some
comparisons may be possible. Although ERT and SRT are
fundamentally different theories, some comparisons are
possible and have been demonstrated in the results.

Similar to ERT, the use of a SRT-based approach will
not be proved or disproved based on fitting the data at this
stage of the model development. In the case of ERT, one
can always add more barriers, etc., to obtain a better fit,
but on the theoretical level, ERT seems clearly deficient.
With SRT, it is unknown how the exchange rates change
with voltage and concentration. However, the present for-
mulation is rather simple and general, determines the rate-
limiting region based on flux ratio exponent values, and
saturating conductance values can be used to estimate val-
ues for the exchange rates. We suggest using this SRT-
based approach to describe ion permeation as a starting al-
ternative before jumping to more complex theories and sit-
uations.

SRT exchange rates may be more useful 
than permeabilities and permeability ratios

As demonstrated here, using permeabilities could be wrong
and this is especially true for potassium channels where
flux ratio exponent values exceed two. Permeability ratios
may not indicate the selectivity of the channel since the
underlying permeation process (i.e., where the rate-limit-
ing region is located) may be different for the different per-
meating ions. Therefore, it is not surprising that a differ-
ent selectivity sequence is obtained when conductance ra-
tios are compared (Eisenman et al. 1986; Christophersen
1991; Heginbotham and MacKinnon 1993; Löffler and
Hunter 1997), or that different permeability ratios are ob-

tained when an inverse bi-ionic situation is considered (He-
ginbotham and MacKinnon 1993; Pérez-Cornejo and Be-
genisich 1994). Instead, the SRT exchange rates deter-
mined at different concentrations and voltages could be
taken as a measure of the selectivity of the channel for a
particular permeant species. Chen et al. (1997) also recog-
nize the inappropriateness of using permeability ratios to
define selectivity and they go on to suggest the require-
ment of a nonequilibrium theory of permeation. SRT is a
nonequilibrium thermodynamic theory.

The new interpretation of the flux ratio exponent 
can circumvent conflicting experimental data

Our new interpretation of the flux ratio exponent as an in-
dication of the degree of disequilibrium in the channel
system during permeation and the relative sizes of the ex-
change rates may contribute to the “challenge of explain-
ing the long pore single-filing behaviors shown by K+ chan-
nels” (Miller 1996). Miller (1996) has not fully embraced
the idea of a classical long pore for potassium channels be-
cause of molecular work suggesting a much shorter pore,
and recently this has been convincingly demonstrated by
Doyle et al. (1998). However, the long pore phenomenon
for potassium channels is emphasized by recent measure-
ments of high flux ratio exponents (Stampe and Begeni-
sich 1996). Using the SRT flux equations, we have proven
that if exponent values exceed two, it must be because the
partition coefficients are different at the intracellular and
extracellular interfaces. Thus, unlike ERT-based theories,
high flux ratio exponents do not necessarily imply that
there is a long pore.

It is important to note that within our SRT-based inter-
pretation of flux ratio exponents, an exponent of one im-
plies that two of the exchange rates are approximately the
same (see Table 1), which is more information than ob-
tained from the traditional approach in which a flux ratio
exponent of one is taken to mean that there is passive dif-
fusion with no flux coupling. Furthermore, we show (here
and in Skinner et al. 1993) that an exponent of two pre-
dicts that in considering the permeation process, one can
assume that equilibrium exists at the interfaces so that the
rate-limiting region is within the channel and not on the
intracellular or extracellular side.

Single-ion/multi-ion criteria may not be useful

It may be useful to alter the commonly used conceptual
framework regarding permeation from one where ions
jump over “barriers” and bind to specific sites in “wells”
to one where the net current flow is seen to be controlled
by certain regions in the channel system. In this way, cri-
teria based on ERT models would be avoided. Criteria for
whether a channel is multi-ion or single-ion in nature in-
clude determining whether the measured flux ratio expo-
nent is greater than or equal to one, and whether an anom-
alous mole-fraction effect is present or not.
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Based on a well/barrier/multiple occupancy model, Ei-
senman et al. (1986) suggest that anomalous mole-fraction
effects could be due to different binding strengths by the
different ions. Considering the various permeation scenar-
ios presented here, it may also be that the rate-limiting re-
gion is different for the different ions. Wu (1992) has shown
that flux ratio exponents greater than one as well as anom-
alous mole-fraction effects can occur in a single-site chan-
nel model (when ions are allowed to enter the channel tran-
siently and repel the bound ion). We have shown that the
size of the flux ratio exponent allows one to determine
whether the rate-limiting region occurs within the channel
or at the interface during permeation.

It may be that all channels behave as multi-ion channels
under certain conditions. Instead of using criteria (based
on ERT) to determine whether a channel is single-ion or
multi-ion in nature, it may be more fruitful to use the
method proposed in this paper to overcome some of the
complexities encountered when trying to evaluate both ex-
perimental data and their theoretical interpretation (e.g.,
see Finkelstein and Andersen 1981).

More details?

In applying SRT to ion permeation, we assume that the ions
are in solution in the different phases of the system (Skin-
ner et al. 1993). Clearly, if the channel is not a waterfilled
pore so that permeation does not occur in a fluid phase,
this model would not apply. In the present model formula-
tion, it may be considered that binding sites are present in
the rate-limiting regions of the channel system. However,
this is not specifically modelled. It is possible to include
these details in the system via a specific representation for
the electrochemical potential and equilibrium exchange
rates. This has been done in certain well-defined physical
kinetic situations (e.g., see Elliott and Ward 1997b, c). We
would like to have expressions for the SRT exchange rates
in terms of the channel properties, but given the complex-
ity and diversity of channels, this is a significant task.

Concluding remarks

The new method presented in this paper offers us a way to
obtain some understanding into the effects of different
drugs and neuromodulators. The permeation processes of
different substances in different channels can be compared
to help evaluate their actions. Much work has concentrated
on how channel behaviour is modulated, with most of the
emphasis on channel gating (e.g. see Kaczmarek and Lev-
itan 1989). It is not usual to consider permeation itself as
being modulated, but several examples of conductance
modification are available (Kuo and Bean 1993; Eghbali
et al. 1997; Benke et al. 1998). Furthermore, if the permea-
tion process varies for different ionic species, then mod-
ulation effects could be critically dependent on the partic-
ular process in operation or whether the channel interior
or interface constitutes the rate-limiting region.

Appendix A

Physical description of the SRT expression

This is also described in Skinner et al. (1993). Consider a
chemical reaction in which

A+B s C+D (58)

The chemical potential is given by:

µγ =µ0
γ +R T ln [γ ] (59)

where γ is species A, B, C, or D, µ0 is a reference chemi-
cal potential, and activities and concentrations have been
assumed to be the same. The equilibrium constant for the
reaction is:

(60)

where [X]equil is the equilibrium concentration of X, de-
fined by:

(61)

Using the nonequilibrium SRT approach, the net rate of
the reaction is:

(62)

where KSRT is the equilibrium exchange rate.
The expression for the equilibrium constant [Eq. (60)]

may be interpreted as saying that when the ratio of prod-
uct to reactant concentration reaches the value Kequil , the
reaction proceeds in the forward and reverse directions at
the same rate. Under equilibrium conditions then, the ra-
tio [C]equil [D]equil /K equil [A]equil [B]equil would be unity
and if KSRT is the equilibrium exchange rate, then

(63)

would also be the equilibrium exchange rate. The equilib-
rium exchange rate is a constant, and its value can be pre-
dicted in terms of the properties that are constrained to be
constant. If at any instant the value of the ratio [C] [D]/
K equil [A] [B] is greater than unity, then there is an excess
of products compared to reactants, and the net reaction pro-
ceeds in the reverse direction. The larger this ratio is com-
pared to unity, the further the system is displaced from
equilibrium in the direction away from the reactants and,
therefore, the larger should be the magnitude of the “force”
driving the system toward equilibrium, i.e., toward the re-
actants. Thus one might reasonably take the reverse rate of
the reaction to be given by:

(64)j K
Krev SRT

equil

[C][D]
[A][B]

=

K
KSRT

equil equil

equil equil equil

[C] [D]

[A] [B]

j K
K

K
= −





SRT

equil
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A [B]
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K
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A
0

B
0

C
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D
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=
+ − −





exp
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=
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If one now considers the circumstance in which there is an
overabundance of reactants compared to products, the ra-
tio K equil [A] [B]/[C] [D] will be greater than unity, the
system will be displaced from equilibrium in the direction
of the reactants, and the force restoring the system to equi-
librium would be the latter ratio. Thus the rate at which the
system proceeds in the forward direction could be reason-
ably assumed to be:

(65)

and the net rate of the reaction is:

(66)

This is the same expression as obtained above [Eq. (62)]
using the SRT approach (Ward 1983).

Comparison of SRT and absolute rate theory

To understand how the equilibrium exchange rate in SRT
theory is related to the more conventional absolute rate the-
ory, let us perform some approximations using the chem-
ical reaction in Eq. (58) above. This is also described in
Ward (1983). Since absolute rate theory is valid in the near-
equilibrium condition, define ε as a parameter that is small
compared to unity given by:

(67)

Assume that the displacement from equilibrium by both
reactants and products is symmetrical so that:

(68)

for both nonequilibrium and equilibrium states. Eqs. (67)
and (68) can be solved simultaneously to give:

(69)

which when plugged into Eq. (62) becomes:

(70)

To second order in ε, this equation is approximately

(71)

(72)

Absolute rate theory gives a net rate of reaction of:

jabs =kf [A] [B] – kr [C] [D] (73)

j K

K

approx SRT

SRT
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Comparing japprox and jabs gives:

(74)

(75)

Appendix B

P r o o f that n′′ lies between 0 and 2

For a given ionic species, X, n′′ is defined as:

(76)

Values for n′′ can be exactly determined from the SRT
flux equations for certain cases: If nonequilibrium exists
only within the channel interior, then n′′=2; if non-
equilibrium exists across two interfaces and the two ex-
change rates are similar, then n′′=1; if nonequilibrium
exists throughout the channel system and all of the 
exchange rates are similar, then n′′=2/3. If nonequilib-
rium exists throughout the channel system and the ex-
change rates are different, then we numerically find that
n′′<2/3.

Consider the situation where nonequilibrium exists
across two interfaces and the two exchange rates are dif-
ferent. The net flux, j, is:

j=Efflux–Influx (77)

where [from Eq. (18)] we have:

(78)

(79)

and

Then, from Eq. (76) above [or Eq. (31), n′′ can be rewrit-
ten as:
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Let term= (β i
X [X]i /βe

X [X]e) exp (θX V ), and let m=ln (fac-
tor)/ ln (term). Then

n′′ =1+m

and

0≤n′′ ≤2 ⇔ –1≤m≤1

Before proving that –1≤m≤1, we prove two Lemmas.

Lemma 1: factor> term ⇒ term<1

P r o o f : By definition

QED.

Lemma 2: factor < (1/term) ⇒ term<1

P r o o f :

QED.

Proposition 1: m < –1 (or equivalently, n′′<0)

Since the natural logarithm can be negative, two cases must
be considered.

Case (i): ln (factor) < 0 and ln (term) > 0.

ln (factor) < 0 ⇒ factor < 1 (80)

and

ln (term) > 0 ⇒ term > 1 (81)

Therefore

m < –1 ⇒ | ln (factor) | > ln (term)

| ln (factor) | > ln (term) iff ln (factor) > ln (term)
or ln (factor) <– ln (term)

ln (factor) > ln (term) ⇒ factor > term ⇒ term < 1 
(from Lemma 1)

Contradiction with Eq. (81).

ln (factor) <– ln (term) ⇒ factor < (1/term) ⇒ term < 1 
(from Lemma 2)

Contradiction with Eq. (81).

Case (ii): ln (factor) > 0 and ln (term) <0.

m
factor

term
< − ⇒ <1 1

ln ( )

ln ( )
–

factor term
K K term

K K term

term term

< ⇒
+

+
<

⇒ < ⇒ <

( / )
( / ) ( )

( / ) ( / )
1

1

1 1
1

1 12

int f ch

int f ch

factor term
K K term

term K K

term term term

> ⇒
+

+
>

⇒ > ⇒ > ⇒ <

( / ) ( / )

( / )

 

int f ch

int f ch

1 1
1

1 1 12

factor
K K term

term K K
=

+
+

( / ) ( )

( / )
int f ch

int f ch

1

ln (factor) >0 ⇒ factor >1 (82)

and

ln (term) <0 ⇒ term <1 (83)

Therefore

m < –1 ⇒ ln (factor) > | ln (term) |

ln (factor) > | ln (term) |
iff – ln (factor) < ln (term)< ln (factor)

ln (term) < ln (factor) ⇒ term< factor ⇒ term < 1 
(from Lemma 1)

OK, no contradiction.

ln (term) >– ln (factor) ⇒ term> (1/factor) 
⇒ factor> (1/term) ⇒ term>1
(follows from Lemma 2)

Contradiction with Eq. (83).
Therefore, the original Proposition 1 is false and m≥1.

Proposition 2: m >1 (or equivalently, n′′>2)

Again, since the natural logarithm can be negative, two
cases must be considered.

Case (i): ln (factor) < 0 and ln (term) <0.

ln (factor) < 0 ⇒ factor < 1 (84)

and

ln (term) <0 ⇒ term <1 (85)

Therefore

m >1 ⇒ –ln (factor) > – ln (term) ⇒ (1/ factor)>(1/term)
⇒ term > factor ⇒ term >1 
(follows from Lemma 1)

Contradiction with Eq. (85).

Case (ii): ln (factor) > 0 and ln (term) >0.

ln (factor) >0 ⇒ factor >1 (86)

and

ln (term) >0 ⇒ term >1 (87)

Therefore

m >1 ⇒ ln (factor) > ln (term) ⇒ factor > term ⇒ term < 1
(from Lemma 1)

Contradiction with Eq. (87).
Therefore, the original Proposition 2 is false and m≤1.
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